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High- f r equency  i n s t a b i l i t y  phenomena  in r i g i d  combus t ion  c h a m b e r s  have been  s tud ied  t h e o r e t i c a l l y  in [ 1 - 3 ] .  
This  phenomenon i s  a t t r i bu t ed  to the i n t e r a c t i o n  be tween the combus t ion  p r o c e s s e s  and c o m b u s t i o n - p r o d u c t  
f luc tua t ions  in the c h a m b e r .  One of the p o s s i b l e  m e c h a n i s m s  of f o r m a t i o n  of h igh - f r equency  in s t ab i l i t y  is  
examined  in [3], where  the combus t ion  r a t e  is  r e p r e s e n t e d  in the fo rm of a r e t a r d e d  p r e s s u r e  funct ional .  
In th is  case ,  the p r o b l e m  is  r educed  to s tudying the s t ab i l i t y  of a c e r t a i n  d i s t r i b u t e d  s e l f - o s c i l l a t i n g  t i m e -  
l ag  s y s t e m .  

If the o sc i l l a t i on  f r e q u e n c i e s  of the  combus t ion  p roduc t s  a r e  c o m p a r a b l e  to the na tu ra l  v i b r a t i o n s  of the 
she l l  which f o r m s  the combus t ion  chamber ,  then i t  i s  na tu ra l  to expec t  that  the e l a s t i c i t y  of the c h a m b e r  
wal l s  wil l  a f fec t  the combus t ion  p r o c e s s .  Coupled effects  of a c o u s t o e l a s t i c  i n s t ab i l i t y  can a r i s e ,  in whose 
deve lopmen t  the v i b r a t i o n s  of the c h a m b e r  wal l  p l ay  a subs tan t i a l  ro l e .  These  ef fec ts  a r e  p a r t i c u l a r l y  
u n d e s i r a b l e  f r o m  the poin t  of v iew of the v ib r a t i ona l  s t ab i l i t y  of combus t ion  c h a m b e r s .  

In this  pape r ,  a t heo ry  of h igh - f r equency  i n s t ab i l i t y  of s t a t i o n a r y  combus t ion  i s  deve loped  with a l lowance  
fo r  e l a s t i c  d e f o r m a t i o n s  of the combus t ion  c h a m b e r  wal l s .  The t heo ry  is  b a s e d  on the m e c h a n i s m  of 
v ib ra t iona l  combus t ion  [1 -3 ] ,  a cco rd ing  to which the combus t ion  f ron t  is  a s s u m e d  to the concen t ra t ed ,  
while  the ve loc i t y  jump a t  the f ron t  is  e x p r e s s e d  through a r e t a r d e d  p r e s s u r e  funct ional .  I t  is  a s s u m e d  that  
the combus t ion  p roduc t  f low is  o n e - d i m e n s i o n a l  and i s e n t r o p i c  and that  the c h a m b e r  is  c y l i n d r i c a l .  The 
d e f o r m a t i o n s  of the c h a m b e r  a r e  d e s c r i b e d  v ia  the momen t  theo ry  of she l l s .  The ex i s t ence  is  r e v e a l e d  of 
addi t ional  i n s t a b i l i t y  r e g i o n s  p roduced  by the i n t e r a c t i o n  be tween the e l a s t i c  v i b r a t i o n s  of the c h a m b e r  
wal l s  and the acous t i c  o s c i l l a t i o n s  of the combust ion  p roduc t s .  The inf luence of the r e l a t i o n  be tween  the 
e l a s t i c  and acous t i c  f r e q u e n c i e s  and of the s t r u c t u r a l  damping  f a c t o r  in the combus t ion  c h a m b e r  wal l s  on 
the s t ab i l i t y  of the s t a t i o n a r y  combus t ion  p r o c e s s  is  examined .  The p r o b l e m  d i s c u s s e d  i s  t r e a t e d  as  a 
m a t h e m a t i c a l  mode l  fo r  m o r e  complex  a s y m m e t r i c  p r o b l e m s  in which the e l a s t i c  and acous t i c  f r e q u e n c i e s  
can be of the s a m e  o r d e r .  

1o Le t  us examine  the combus t ion  p r o c e s s  in a c y l i n d r i c a l  c h a m b e r  of r a d i u s  R and length L under  the fol lowing 
a s sumpt ions :  the mot ion  of the p r o p e l l a n t  and combus t ion  p roduc t s  is  one -d imens iona l ;  the combus t ion  f ron t  is  p lane  
and i s  concen t r a t ed  in a c r o s s  sec t ion  loca ted  at  a d i s t ance  x 0 f rom the d i s t r i b u t i n g  nozzle;  the v e l o c i t y  jump at  the 
combus t ion  f ron t  i s  e x p r e s s e d ,  a c c o r d i n g  to [3], through a r e t a r d e d  p r e s s u r e  funct ional ;  the d i s t u r b a n c e  s u p e r p o s e d  
on the s t a t i o n a r y  combus t ion  p r o c e s s  i s  sma l l ;  the p r e s s u r e  and ve loc i t y  p e r t u r b a t i o n s  at  the nozz le  in le t  (x = L) a r e  
i n t e r r e l a t e d  through the acous t i c  admi t t ance  of the nozzle;  e f fec ts  in the supply  s y s t e m  have no inf luence  on the 
p r o c e s s  ins ide  the c h a m b e r ;  the d i s t r i b u t o r  head is  abso lu t e ly  r ig id ;  the d e f o r m a t i o n s  of the c h a m b e r  ( a s suming  a one -  
d imens iona l  flow) a r e  a x i s y m m e t r i c  and a r e  d e s c r i b e d  by the m o m e n t  t heo ry  of she l l s ;  and the s t r u c t u r a l  damping  
f o r c e s  a r e  p r o p o r t i o n a l  to the ve loc i ty .  

s t a t e  
The combus t ion  p roduc t  f low is  d e s c r i b e d  by  the equat ion of mot ion,  the cont inui ty  equat ion,  and the equat ion of 

t3u Ou Op 
P-gT + P u ~ = - - ~  ' 

~ , + ~ (pus)  = o, ~ = 

where  u i s  the mean  ve loc i t y  of the combus t ion  p roduc t s ,  P is  the dens i ty ,  p is  the p r e s s u r e ,  S is  the c r o s s - s e c t i o n a l  
a r e a  of the c h a m b e r ,  ~ i s  the po ly t rop i c  index,  x i s  the longi tudina l  coord ina te ,  t is  t ime ,  and P0 and P0 a r e  the 
p r e s s u r e  and dens i ty  va lues  in a s t a t i o n a r y  flow behind the combus t ion  f ront .  

The d e f o r m a t i o n s  of the c h a m b e r  wal l s  a r e  a x i s y m m e t r i c  in the c a s e  of o n e - d i m e n s i o n a l  flow. We make  use  of 
momen t  she l l  t heo ry  to d e s c r i b e  the d e f o r m a t i o n s .  Cons ide r ing  the i n e r t i a  f o r c e s  as wel l  as  the s t r u c t u r a l  damping  
f o r c e s ,  we obta in  the fol lowing s y s t e m  of equat ions:  
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Eh (02v v Ow) 02v O~ 
t - ~  \ o ~  + "-~'-~; = O~h3-~" + 28~p~h ~ ,  

D ~ + (1 -- v 2) R + v UxJ = p - -  Pd~ 0-3- - -  zewp# -~ , 

(1,2) 

where  w is n o r m a l  def lec t ion;  v is  longitudinal  d i sp lacement ,  E and u a re  the modulus of e l a s t i c i t y  and the Po isson  
ra t io ,  r e s p e c t i v e l y ;  D is cy l ind r i ca l  r ig idi ty;  h is the wall th ickness ;  Pc is the dens i ty  of the shel l  m a t e r i a l ;  e v and e w 
a re  the damping f ac to r s  in t r a n s v e r s e  and longitudinal  d i rec t ion ,  r e s p e c t i v e l y .  The s y s t e m  of equat ions (1.1), (1.2) 

wiI1 be c losed  by adding the fo l lowing r e l a t i on  between S and w: 

S = ~(R + w) 2 . (1.3) 

We t r a n s f o r m  Eqs.  (1.1)-(1.3)  to d i m e n s i o n l e s s  fo rm,  taking the cham be r  length L, the speed of sound co in 
s t a t ionary  flow, the t ime  T r e q u i r e d  for  an acous t ic  wave to t r ave l  f r o m  the nozz le  to the cham be r  exit ,  and the 
p r e s s u r e  P0 and dens i ty  P0 as the c h a r a c t e r i s t i c  p a r a m e t e r s .  We in t roduce  the fol lowing d im ens ion l e s s  p a r a m e t e r s :  

x = ~  p , - -  P t . =  t L 
x , - -  L ' P* Po ' Po ' -U '  T =  c'7' 

u S w v ( ~ p o y / , ,  
u ,  = --co , S ,  = U ~ - ,  w ,  = - f f  , v , = - - L - ,  c o =  \ '~ - j /  

R L~E R~h ~ 
ro=--L-,  ~o2_ ~Pe~o ~(l-v~) ' Y2= t - ~ "  

Le. Law Po L2 (1.4) 

Where  w ~ is a p a r a m e t e r  p ropor t iona l  to the r a t i o  of the pa r t i a l  f r equency  of a z e r o - b e n d i n g - s t r e s s  shel l  to the 
longitudinal  o sc i l l a t ion  f r e q u e n c y  of the combus t ion  products  in a c losed  chamber ;  the p a r a m e t e r  #r~ is the ra t io  of 
the m a s s  of the combus t ion  p roduc t s  in the cham be r  to the m a s s  of the shell ;  and y c h a r a c t e r i z e s  the r a t io  of the 
f l exura l  r ig id i ty  to the t ens i l e  s t r eng th  of the shel l .  Af te r  the d i m e n s i o n l e s s  p a r a m e t e r s  (1.4) a re  introduced,  Eqs.  

(1.1)-(1.3)  take the f o r m  (in the fol lowing,  the a s t e r i s k s  at the d i m e n s i o n l e s s  quant i t ies  a r e  omit ted)  

Ou Ou I Op px, 
P "OT "+" PU ~ - • Ox ' P =  

(os) + ~ (o~s) = o, s = 0 + ~)~ , 

O~v Ov o. ~/O~v O~x ) 
ot- ~ + 2ev~--~o  ~ro~ ~o-~-r + v = 0, (1,5) 

02w - Ow o 04w Ov 
Ot~ + 2e~ -gF + (0 2w + o~ 2 )~ - -  . . T~-7 + o~ ~ = -C  P. 

We d i f fe ren t ia te  be tween  unper tu rbed  mot ion ,  whose p a r a m e t e r s  do not depend on t ime,  and sma l l  pe r tu rba t ions  
supe rposed  on it. Unper tu rbed  mot ion is  c h a r a c t e r i z e d  by the p a r a m e t e r s  

p = t ,  p = i ,  w =  w0 = ~(o~215 v =  v0 = 0. 

The d i m e n s i o n l e s s  ve loc i ty  u in f ront  of the combus t ion  f ron t  is sma l l  and may  be neglec ted ,  while behind the 
combus t ion  front ,  i t  is cons tant  and equal  to M. The unper tu rbed  s ta te  of the shel l  is  f r e e  of bending s t r e s s e s  and 
s a t i s f i e s  the condit ions 

aw 
W = W o ,  D-y----0, v = O  ( x = 0 ; l ) .  

Le t  us de r ive  va r i a t i ona l  equat ions  for  pe r tu rbed  mot ion ,  a s s u m i n g  the d i s tu rbances  and the i r  d e r i v a t i v e s  a re  
sma l l .  We se t  

p = t + p ' ,  p = I + p ' ,  w = Wo + w '  v = v' (o<x,%l) ,  

u = u '  ( 0 ~ X < X o ) ,  u = M  + u '  ( x o < z < l ) .  

By subs t i tu t ing  these  e x p r e s s i o n s  into Eq. (1.5), a f t e r  l i nea r i z a t i on  and cons ide r ing  that w 0 << 1, we obtain (the 
p r i m e s  at the d i s tu rbances  a r e  omit ted)  that 
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0% ~ 7~y,X Ouk ~ Opl ~ ,q 

Op~ ~ 0% Owl: ' Owt~ 
o-Y + M 6 ~  v~" +3-~ + 2 - ~  + 2M6~ ~ = O, 

O~v ~ Ov ~ I O~v Ow) 
o,~ ~- 2 ~  - ~  - o,~ ~ ~ + ,~ ~ = o, 

ot-- z- + 2e~, 37- -~ (~176 \w~ § '1 "~ o-7 + v - ~ - / =  ~9~, 

(1o6) 

where 6 kj is the Kronecke r  symbol .  
- - X  < Xo) , 

conditions 

Subscr ip t  k = 1 cor responds  to the reg ion  in f ront  of the combust ion  f ron t  (0 -< 
and subsc r i p t  k = 2 to the region  beyond the combust ion f ront  (x 0 < x -<- 1). Let  us examine  the boundary  

OWl 31=0, w x = ~  =vl-=O (z=O), 

Ow2 u~--llIA[p2]=O, w ~ = ~ - = v 2 = O  ( x = t ) ,  

p~=9~, ( u ~ - - u l ) / M = ~ ( p l - - p l ~ ) - - p l ,  wx=w~, v l = v ~  (x=x0), 

Owl Ow~ Or1 Ov~ O~w~ O~w~ OSwx 03w~ 
: ~ " "  ~ = Ox ' Ox~ = cgz~ ' Oza =-g~'C'~s (x = xo). (1.7) 

The f i r s t  group of these  condit ions s ignif ies  that the edges of the shell  a re  clamped; the veloci ty pe r tu rba t ions  
are  zero at the nozzle,  while at the chamber  exit, in the p re sence  of ha rmonic  osc i l la t ions ,  the veloci ty  pe r tu rba t ion  
is assoc ia ted  with p r e s s u r e  pe r tu rba t ion  by acoust ic  impedance.  In (1.7), A is the acoust ic  admit tance  opera tor  of the 
nozzIe which, gene ra l ly  speaking, depends both on the nozzle geomet ry  and the reduced f requency.  The second group 
of condit ions cor responds  to the combust ion  front .  It  is  a s sumed  that the p r e s s u r e  (density) pe r tu rba t ions  and the 
s t r a in s  and forces  of the pe r tu rbed  state  of the shel l  a re  continuous and that the veloci ty  jump is expressed  through a 
r e t a rded  functional  [3]. The subsc r ip t  T indica tes  that the cor responding  value r e f e r s  to the ins t an t  t - % where T is 
the mean  t ime lag. The cons tant  fi is convent ional ly  known as the in t e rac t ion  index. 

In this way, the s tab i l i ty  ana lys i s  of the s ta t ionary  combust ion p roces s  is reduced to the de t e rmina t ion  of 
condit ions for which all  solut ions of sys t em (1.6) with boundary  condit ions (1.7) a re  damped in t ime.  F r o m  Eqs. (1.6), 
i t  is easy  to obtain equat ions for analyzing the s tabi l i ty  of the combust ion p rocess  in the case in  which the chamber  
cas ing opera tes  as a z e r o - b e n d i n g - s t r e s s  shell  (Y2X2 << 1, where X is  the va r i ab i l i t y  coeff icient  of the s t r e s s - s t r a i n  
state),  or  in which the chamber  cas ing  is  absolute ly  r ig id  (w = 0, v -= 0). It should be noted that the use of the 
equations in  z e r o - b e n d i n g - s t r e s s  theory is equivalent  to the neglec t  of dynamic  edge effects [4]. 

2. For  analyzing the s tab i l i ty  of a s t a t iona ry  combust ion  p rocess ,  we seek the solut ion of sy s t em (1.6) in the 

form 

u~ = Uk(x)e ~t, 9~ =- G~(x)e ~t, w k =  Wk(x) e ~t, v~-= Y~(x)e ~t (2.1) 

where s is a c h a r a c t e r i s t i c  exponent.  The unper tu rbed  motion is s table ,  provided all the c h a r a c t e r i s t i c  exponents of 
the p rob lem lie in the lef t  hal f -plane.  Substi tution of (2.1) into (1.6) y ie lds  

sU~ + Mf~2Uh'  +Gh'  = O, sGh -}-M6~2Gk' + U~' + 2sW~ + 2M6~2Wk'=O 

(s 2 + 2evs) Vh " r ~ r02 (V~" + vWh') = 0 

(s z + 2e~s + c0 ~ Wh + 7~co~ v -F r176 Vk' , ~tG~ = 0 (2.2) 

where the p r i m e s  denote d i f ferent ia t ion  with r e spe c t  to the x coordinate .  The boundary  condit ions (1.7) reduce  to the 

fo rm 

u l =  w i =  wl '=  v~=o (~=o). 

U~ = aMG.., W~ = W~' = V~ = 0 (x=t)  

xG1 - -  (U~ - -  U1) / M = 0, G~ = G2, V, = V2 ( x = z o )  

Wa = W2, W I ' =  W2', W~" = W2", W~'" = W~'" (z=xo) (2.3) 

X = • (t --  e "-~') --  t ,  a = e - ~  A [e~'q (2.4) 
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where a is the acoust ic  admi t tance  of the nozzle .  

The solut ion of s y s t e m  (2.2) can be r e p r e s e n t e d  in the fo rm 

8 

U~ = ~_j Avd exp (l~4x), G~ = B~,:j exp (l~4x), 
j=~ i=l 

W~ = C~.i exp (l~;x), V~. = ~_1 D~i exp ( l ~ x )  (k = 1, 2) .  
J=l j='t 

The c h a r a c t e r i s t i c  exponents /kj a re  de t e rmined  f rom the equat ions 

(2.5) 

det (~) 11 a~+ II = 0 (k = 1, 2) (~, ~ = 1 . . . . .  4 ) .  

In these equat ions,  the nonvan i sh ing  t e r m s  are  

(2.6) 

a(~O a (~') = s + M6~2 l~ ,  a (~) _ix) lj c 11 = 22 12 = r ~ 

a(~) o.o4 .(~) .,(~) -- o~ 2%s + (o ~ 5- T :~o~ l~, 

a ~  (~) : o)~ a43(k) = - -  ro2o)*2vlk, a ~  ) : s 2 + 2 s , s  - -  ro%)~ . 

Equations (2.6) a re  e igh th -o rde r  a lgebra ic  equat ions.  The constants  of in tegra t ion  A, B, C, and D may be 
expressed  through 16 cons tants  Nkj (j = 1 . . . . .  8; k = 1, 2). By sa t i s fy ing  the boundary  condit ions (2.3), we a r r i v e  at a 
sy s t em of 16 homogeneous l i n e a r  equat ions for de t e r mi n i ng  the cons tants  Nkj. The exis tence  of nonzero  solut ions  for 
Nkj r e q u i r e s  a zero  d e t e r m i n a n t  of the sys tem.  F r o m  here ,  we obtain an equation for de t e rmin ing  the cha rac t e r i s t i c  
exponents s. Due to i ts  ex t r eme  awkwardness ,  we do not p r e s e n t  i t  here .  A special  case of this equation is p re sen ted  
in the following. 

Convenient  p a r a m e t e r s  for  c h a r a c t e r i z i n g  the combust ion  p roces s  are  mean  t ime lag r and the in te rac t ion  index 
/3. There fore ,  in o rde r  to d e t e r m i n e  the ins tab i l i ty  region,  we map the i m a g i n a r y  axis of the plane of the complex 
va r i ab le  onto the plane of the r ea l  va r i ab l e s  T, ft. To this end, we solve the equation for the cha rac t e r i s t i c  exponents 
with r e s p e c t  to the p a r a m e t e r  X. Sett ing s = iw, and sepa ra t ing  the i m a g i n a r y  and r ea l  par t s  with al lowance for (2.5), 
we obtain 

6• (1 --  cos a)~) = ], ~z sin a)~ = ~ (2.7) 

where f - 1 and ~o a re  the r ea l  and i m a g i n a r y  par t s  of the solut ion of the c h a r a c t e r i s t i c  equation with r e s p e c t  to X, 
af ter  the subs t i tu t ion  of s = iw. 

3. The exp re s s ions  for f and ~p in the genera l  case a re  ve ry  c umbe r some .  For  v = 0, the equations for the 
longi tudinal  and t r a n s v e r s e  d i sp l acemen t s  of the chamber  walls separa te .  In this case,  the longitudinal  v ib ra t ions  of 
the chamber  wal ls  may be neglected,  s ince  they have no inf luence  on the combust ion  p rocess ,  

Fo r  a suff ic ient ly  long chamber ,  it  may be a s sumed  that  the combust ion  front  is located at the nozzle  (x 0 = 0). 
F ina l ly ,  the length of the supe r son i c  por t ion  of the nozzle is much s m a l l e r  than the chamber  length, the express ion  
c~ = (~ - 1)/2 is appIicable for  the acoust ic  admit tance  of the nozzle .  For  these assumpt ions ,  the cha rac t e r i s t i c  
equat ions for  the exponents  s, solved with r e s p e c t  to the p a r a m e t e r  X, has the form 

~tj 

i AI (3.1) 

t 

l l  
ell 

A 1 = l lJ ,  

( a  1 - -  ~Mbl)el,  

a l  

lj 
(.~ + MZ) I~ (~'2a)~ -t- S~), 

t 
16 
el* 

16el. 

( a  6 - -  ~Mb6)et* 

a 6  

I (y2Loo214 .~_ SO ' bj = - -  y 

(3.2) 

8 1 = s ~ + 2 % s + o  ~ 
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The d e t e r m i n a n t  A 2 is  obtained f rom A~ by subs t i tu t ing  b for a in the l a s t  row with the co r respond ing  subsc r ip t s .  
The c h a r a c t e r i s t i c  exponents  lj a re  de te rmined  f rom the equation 

?2 (m~l 6 .~ msl  5 + m j a )  _~ m3l 3 z r m2l 2 _~ ml  l _~ mo = 0 ,  

m6 : (0 ~ (M z - -  i), m~ = 2c0~ 

m, = (o~ 2, m8 = 0, (3.3) 

m2 = S~(M 2 - i ) + 2 ~ M  2, ra 1 = 2 M s  (S~ -{- 2t~ ), 

m o = - -  co 2(S 1 +2~). 

The express ions  for f and q~ can be obtained af ter  subst i tu t ion of s = iw into (3.2) and (3.3) and separa t ion  of the 
r ea l  and i m a g i n a r y  pa r t s  in (3.1). 

As another  specia l  case,  we examine  the p rob lem of combust ion s tab i l i ty  under  the assumpt ion  that the 
deformat ions  of the chamber  walls  a re  desc r ibed  by z e r o - b e n d i n g - s t r e s s  shel l  theory.  In this case,  for  (3.1) we obtain 

% = ---~ (l -~ th (I)io)) 20 ((I) -- aM) 
M [((I) -~ aM) e (l'-h)(1-x~) ~ ((1)--aM)] ' 

2}~u 

i(I)o) i(I)0) 
l~ ---- ~ M~)' 12 = l + MS 

(3.4) 

Separat ing the rea l  and imag ina ry  pa r t s  in (3.4) with allowance for  a = ~ r  + i~ i  and ~ = 5 r  + i r  we obtain for  
f and ga an expl ici t  expres s ion  which, owing to i ts  awkwardness ,  will be omit ted here .  

The fo rmulas  s impl i fy  somewhat  if one a s sume s  that the combust ion f ront  is located at the nozzle  (x0 = 0) and 
that the acoust ic  admi t tance  of the nozzle  is equal to (~ - 1)/2. 

4. Relat ions (2.7) define in p a r a m e t r i c  form,  in the r, t3 plane,  a ce r t a in  curve  F(7, fl) = 0 which is the image of 
the imag ina ry  axis in the plane of the given p a r a m e t e r s .  The mapping of the r ight  ha l f -p lane  of the complex va r i ab le  
onto the ~, fl plane has the fo rm of a mul t i shee ted  sur face .  

T h e r e f o r e ,  in addition to computat ional  diff icul t ies ,  the use  of (2.7) a lso involves ce r t a in  ma j o r  diff icul t ies .  

F i r s t  of all ,  only ce r t a in  segments  of the curve  F(T, fl) = 0 cor respond  to the boundar ies  of the ins tab i l i ty  region.  
Secondly, to each sheet  of the sur face ,  there  cor responds  apparent ly  a specif ic  type of ins tab i l i ty .  A c lass i f i ca t ion  of 
the sheets  in t e r m s  of ins t ab i l i ty  types is impera t ive  for  a physical  i n t e rp re t a t i on  of the r e su l t s  and for their  
appl icat ion in prac t ice .  

The segments  of the curve  F(% fi) = 0 which cor respond  to the boundary  of the ins tab i l i ty  region  can be identif ied 
on the bas i s  of the following cons idera t ions .  It is not difficult  to es tab l i sh  that for fl = 0 all the cha rac t e r i s t i c  
exponents have negat ive  rea l  pa r t s .  Consequently,  unper tu rbed  motion will r e m a i n  s table  a lso in a ce r ta in  suff ic ient ly  
na r row s t r ip  0 -< fl < fl0(~). The value of fl0ff) is  de t e rmined  by moving f rom the axis fl = 0 toward the posi t ive  va lues  of 
fl unt i l  the f i r s t  i n t e r s ec t i on  with the curve F(~, fi) = 0, defined by re la t ion  (2.7), is reached.  

The mul t i shee ted  na tu re  of the surface ,  which is the image of the r igh t  ha l f -p lane  of the va r i ab le  s, is of dual 
or igin.  F i r s t ,  i t  is genera ted  owing to the p r e sence  of an inf ini te  denumerab le  se t  of the na tu ra l  f r equenc ies  of the 
acous toe las t ic  sys t em.  Second, the mul t i shee ted  na tu re  of the sur face  is  assoc ia ted  with the phenomenon whereby an 
ins tab i l i ty  observed for  the t ime  lag 7 repeats  i t se l f  at other  t imes  which, roughly speaking,  differ f rom �9 by a 
mult iple  of the na tu ra l -osc i l l a t{on  per iods .  By solving (2.7) with r e spe c t  to fi and T, we obtain 

i2 § ~ ( 4 . 1 )  
-- 22! ' 

/ 
T :  ~ {(2nt ~- i ) g -  sign T arc cos ( -~- -  i)} (4.2) 

(nt-~ 0, I, 2 . . . .  ). 

where n t is the number of complete periods of oscillation which "fit into" the variable portion of the time lag. 
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F r o m  fo rmula  (4.1) and the exp re s s ions  f o r f  and r i t  can be seen  that the in te rac t ion  index is a unique 
f luc tuat ing  function of f r equency  w. In the case  of an absolute ly  r ig id  chamber  (w -= 0, v - 0), there  exis ts  an 
u n n u m e r a b l e  mul t i tude  of m i n i m a  n e a r  the f requenc ies  ~ = nxr  , where n x = 0, 1, 2 . . . .  (Fig. 1). The n u m b e r  n x 
c h a r a c t e r i z e s  the mode of osc i l l a t ion - - the  n u m b e r  of nodes along length L. 

P 

~5 

L 

~2  i z 

ZK 

Fig. 1 

In Fig.  1, the solid curves  co r re spond  to f i (w)  for this case.  

The p ic tu re  is more  complex in the case of e las t ic  walls .  The p l iab i l i ty  of the walls ,  however,  has an effect only 
nea r  f r equenc ies  w that a re  close to the pa r t i a l  f r equenc ies  of the na tu ra l  v ib ra t ions  of the shell .  

The f r equenc ies  of coupled acous toe las t i c  osc i l l a t ions  are  s i tuated in the neighborhood of the na tu ra l  par t ia l  
f requency  of the shel l .  The p r e s e n c e  of these  coupled osc i l l a t ions  leads to the appearance  of addit ional  m i n i m a  on the 
f i (w)  curve.  The n u m b e r  of the excited aeous toe las t i c  f o r m - s h a p e s  of osc i l l a t ions  depends s t rongly  on the magnitude of 
s t r u c t u r a l  damping and on the ra t io  of the pa r t i a l  f requenc ies  of the shel l  to those of the combust ion products .  

It has been  said above, that the second reason  for the mul t i shee ted  na tu re  of the ins tab i l i ty  region is the 
ambigui ty  of funct ion T(W) defined by (4.2). In o rde r  to cons t ruc t  the ins tab i l i ty  reg ions  in the ~, fi plane,  i t  is 
n e c e s s a r y  to use  fo rmulas  (4.1), (4.2). Each sheet  of the ins t ab i l i ty  region  is  ass igned two indices ,  n x and n t, one of 
which cha rac t e r i z e s  the fo rm shape of the osc i l l a t ions  and the other  the n u m b e r  of osc i l l a t ion  per iods  contained in the 
time ~'. 

5. Let  us dwell on a d i s cus s ion  of n u m e r i c a l  r e s u l t s .  Calcula t ions  f rom fo rmulas  (3.4), (4.1), (4.2) were 
pe r fo rmed  for  a z e r o - b e n d i n g - s t r e s s  shel l ,  making  use  of the following data: x 0 = 0, • = 1.2, M = 0.213, c~ = 0.1, p = 
= 0.5, w ~ = 2~; 37r/2, 6 = 2 r e / w  ~ = 0-1 .  The r e su l t s  of the ca lcula t ions  a re  shown in Figs .  1 -3 .  F igure  1 shows plots 
of f i (w)  for w ~ = 2~ and va r ious  va lues  of the d e c r e m e n t  5. The curves  show that in the case of an e las t ic  chamber ,  
there  appear  addit ional  loops that co r r e spond  to coupled acous toe las t i c  osc i l la t ions .  The loops s i tuated at some 
dis tance  f rom w ~ hardly  change the i r  shape. The mos t  pronounced change in the r e l a t ionsh ip  of the in te rac t ion  index 
fi(w) occurs  in the case in which the pa r t i a l  f r equenc ies  of the na tu ra l  v ib ra t ions  of an e las t ic  shell  coincide with the 
na tu ra l  osc i l l a t ions  of combus t ion  products  in a closed chamber .  In this case,  there  is  a ma x i mum difference between 
the coupled acous toe las t i c  f r equenc ies  and the pa r t i a l  f r equenc ies .  

d ",o /- 

Fig. 2 

The inf luence of the e l a s t i c i t y  of the chamber  walls  is  found to be l e s s  pronounced when the par t i a l  f requency of 
the shel l  l ies  between the acoust ic  f r equenc ies .  In t roduct ion of s t rong  s t ruc tu r a l  damping has the effect of a lmos t  
e l imina t ing  the inf luence of c h a m b e r - w a l l  e l a s t i c i ty  on the combust ion  p rocess .  

It iS noteworthy that wf = nx~ in  d imens iona l  va lues  has the fo rm c /R  = nx~rc0/L, where c is the propagat ion 
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ra te  of longi tudinal  waves in  the wall ma te r i a l .  For  modera te  values  of n x, this condit ion does not hold. Thus, the 
p rob lem studied is of a methodica l  na ture .  

Ill I I | I IU f l l l I F '  I 

oL / l I 
2 3 

Fig. 3 

5 6 

F igure  2 shows a c h a r a c t e r i s t i c  plot  of the t ime  lagT(~)  for w ~ = 3v/2 and 6 = 0.2. The ins tab i l i ty  reg ions  in the 
fl, �9 plane are  shown in Fig.  3 for  r ~ = 2 and 6 = 0.2. The ins tab i l i ty  reg ion  is s i tuated in the p rox imi ty  of fi = 0. Each 
sheet  of the ins tab i l i ty  region  is ass igned  two values ,  n x and n t, which cha rac t e r i ze  the fo rm-shape  of the excited 
osc i l l a t ions  and the ra t io  of the osc i l l a t ion  per iod to the t ime lag, r espec t ive ly ,  (in Figs.  3 and 4, the values  of n x a re  
given in the n u m e r a t o r  and those of n t in the denominator ) .  The sheets  of the ins tab i l i ty  reg ion  for  which w is close to 
w ~ r e m a i n  a lmos t  the s ame  as in the case of r ig id  chamber  walls .  In Fig.  3, the sheets  which co r re spond  to the 
coupled acous toe las t ic  osc i l l a t ions  a re  c ross -ha tched .  

o z 4 s 8 

Fig. 4 

17 

In the case in which the deformat ions  of the shel l  a re  desc r ibed  by momen t  theory,  ca lcu la t ions  were  pe r fo rmed  
for  v = 0, x 0 = 0, ~ = (~ - 1)/2. Calcula t ions  on the bas i s  of fo rmulas  (3.1)-(3.3),  (4.1), and (4.2) were p r o g r a m m e d  
for  the Minsk-22  computer .  Complex values  for  the coeff icients  mj  of the c h a r a c t e r i s t i c  equation (3 .3 )were  obtained 
by in t roducing  n u m e r i c a l  values  for w ~ 7, w, and other  p a r a m e t e r s .  After  f inding the roots  of the c h a r a c t e r i s t i c  
equation, i t  was poss ib le  to calculate  the va lues  of the coefficients  aj, bj and of the de t e rminan t s  A1 and A 2. By 
sepa ra t ing  the rea l  f rom the i m a g i n a r y  par t s ,  we calculated f and ~ which, in turn,  were used to calcula te  the 
in t e rac t ion  index fl and the t ime  lag �9 f rom formulas  (4.1) and (4.2). After  de t e r mi n i ng  fl and % co was va r i ed  and the 
cycle was repeated  up to a ce r t a in  p r e s c r i b e d  value Wmax. Calcula t ions  were  repeated  for other  values  of 7 and, 
f inal ly,  for  another  value of w ~ 

In this case,  a d is t inc t ive  fea ture  of the ca lcula t ions  was p e r f o r m i n g  opera t ions  with complex n u m b e r s  at each 
step with the aid of s tandard  subrou t ines  for  opera t ions  wi th  complex n u m b e r s .  

F igure  4 shows the points  calculated in the ins tab i l i ty  region  in the fl, T plane for v = 0, x 0 = 0, 7 = 0.05, w~ = 
= 2~, ~ = 0.2. The c lass i f i ca t ion  of the ins tab i l i ty  reg ions  proved more  diff icult  than in the case of a z e r o - b e n d i n g -  
s t r e s s  shel l .  This  appl ies  p r i m a r i l y  to the cha rac t e r i s t i c  of the f o r m - s h a p e s  of osc i l la t ions ,  where dynamic  edge 
effects play a s igni f icant  ro le  [4]. In Fig.  4, the regions  which cor respond  to the exci tat ion of coupled acous toe las t ie  
osc i l la t ions  a re  c ros s -ha t ched .  ' 
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